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> Functional properties
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Hi buddy. Can you tell me what's a functional property of a material ?

A functional property of a material refers to a specific characteristic that defines its performance
In particular applications. These properties are often related to how a material responds under
certain conditions or how it interacts with its environment. They are critical in determining the

suitability of a material for a specific purpose.

Functional properties can include:

1. Electrical Properties: Characteristics like conductivity, resistivity, and dielectric constant that

determine how a material behaves in an electric field.

Thermal Properties: Characteristics such as thermal conductivity, thermal expansion, and

heat capacity that determine how a material conducts, absorbs, and retains heat.

4. Optical Properties: Characteristics such as refractive index, transparency, and reflectivity

that determine how a material interacts with light.

Magnetic Properties: Characteristics such as magnetic permeability and coercivity that

define how a material responds to a magnetic field.



Scope and Outline

> Functional properties > 2D topological insulators
¢ | asked ChatGPT ® Edge states versus bulk: the Quantum Hall Effect example
¢ | decided to focus on & Modified electrodynamics and quantized Hall response in

& Jopological insulators and 2D

semi-metals > 3D topological insulators
s topologtealsupercenductors

¢ Surface properties
¢ Modified electrodynamics in 3D: magneto-electric effects

& (A choice of some) consequences
> 3D topological semimetals
¢ Recap of topological properties: anomalous Hall effect

¢ Modified electrodynamics

& Non-reciprocity of optical and thermal properties



Topological Boundary States

® Quantum Hall Insulator
> Two dimensions
> breaks Time-Reversal Symmetry
» Chern index
= Chiral edge states

& Quantum Spin Hall Insulator
> Two dimensions
» Time-Reversal Symmetry + spins 1/2
> Kane-Mele Z> index
= Helical edge states : Kramers pair

¢ 3D Topological Insulators
> Three dimensions
» Time-Reversal Symmetry + spins 1/2
> Kane-Mele Z2 index
= (odd number of) Dirac cone

———
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# Quantum Spin
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Quantum Hall
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Robustness of edge States

® Quantum Hall Insulator
> Two dimensions
> breaks Time-Reversal Symmetry
» Chern index
= Chiral edge states

Robustness of edge states :

no backscattering because chiral modes

'Robustness: chirality of the modes |

U

w (T-breaking)

Anomalous
-~ Quantum Hall
Insulator

calization




Robustness of edge States

® Quantum Hall Insulator
» Two dimensions
> breaks Time-Reversal Symmetry

> Chern index
= Chiral edge states

Robustness of edge states :

no backscattering because chiral modes

> Top. Indexn € Z
> all modes are ballistic

Robustness: chirality of the modes |

d (T-breaking)
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2 Quantum Hall | ££¥f 4/
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Topological Boundary States

® Quantum Spin Hall Insulator
» Two dimensions
> Time-Reversal Symmetry + spins 1/2
> Kane-Mele Z2 index
= Helical edge states : Kramers pair

«Protected Edge States» : robust properties, remain
ballistic

C.L.Kane and E.J.Mele, PRL 95, 226801 (2005)

}(w)
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,- Quantum Spin
Hall Insulator

2 branches, but # spins : no backscattering
(orotected by T reversal symmetry)
= topological robustness



Topological Boundary States

® Quantum Spin Hall Insulator
» Two dimensions
» Time-Reversal Symmetry + spins 1/2
> Kane-Mele Z2 index
= Helical edge states : Kramers pair

with 4 modes :

/> Topological index for QSHE : yes / no

C.L.Kane and E.J.Mele, PRL 95, 226801 (2005)

, ¢($)

2 Quantum Spin |
Hall Insulator

Backscattering allowed = No topological order



Quantum Hall Effect and Chern Topological Insulator

2DEG (Heterojunction GaAs/AlGaAs)

with high |
precision -
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Quantum Hall Effect and Chern Topological Insulator

kszﬁpaﬁy =2

e’ withhigh
Ogy — N—— precision  s-
Loy

2DEG (Heterojunction GaAs/AlGaAs)

n is a topological invariant

I —

Thouless et al.. PRL 49 (1982)

Topology of Vector Bundle

over the Brillouin/Boundary conditions Torus
. Filled Landau level

¥ By [vk)

21
with F' the Berry curvature

1
> Chern number n=C; = —JdS F




Quantum Hall Effect and Chern Topological Insulator
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2DEG (Heterojunction GaAs/AlGaAs)

n is a topological invariant <>

I—

——

Thouless et al.. PRL 49 (1982)

Topology of Vector Bundle

over the Brillouin/Boundary conditions Torus
. Filled Landau level

N 1 Bk
Chern number C; = o dS F :
T

with F' the Berry curvature

- N W bH

IR

with high |
preC|S|on &

=2

number of (robust) edge modes

——

T—

M. Buttiker, PRB 38 (1988)

Filled Landau Levels




Transport and edge states

= — - S —— i = = = = - -

| — e m
> Landauer-Buttiker formalism . { | ‘
3
: : < | |
¢ Multi-terminal geometry EX N -3 |
Edge Channel Picture a3 | =2 I Fermi Level
y=3 _ 2T j= |
/ A,u — O \ [ : j=0 :
¥ = X ) i ! :
N Err iy g . b — Pxy
o | | n index
10 -
TEe— = w ; | i=3

QE @ PY QEF _/
- .
~ - Pxx
A =0 | N =
LN

O ———®
Chirality + n = conductance matrix —

multi-terminal conductances o e
No longitudinal resistivity : Insulator

M. Bulttiker, PRB 38 (1988)



Transport and edge states

» Landauer-Buttiker formalism

& 2-terminal geometry in D=1 R conducteur L
Jt ' '
1)withR+T=1
Jz —
M1 Vl 1 M2 V2
]2 T]1 + (R — 1)]2 T(]{? _]5)
lmaamw\g / dk 1 OF, (—e)
@ Incomlng current (from lead): j; ( = (— e)n (—e) ) h Ok JZI(Ek) - [dE JZI(E)
V# VeIOC|ty vk
. (—e) ' ' (—e) e’
¢ Total currentis I =T - JdE ]Zl(E) _]742(E) =T - (U — W) = TW(Vl - V)
{ e’
® Conductance: G = —— =T— =T G, Gy=e*/h=3.8710"S
AV h

Von Klitzing constant R, = h/e? = 25 812.807 Q



B conducteur I

[Transport and edge states

e —— T = - — = — = = —_— =

contact 1

» Landauer-Buttiker formalism

& 2-terminal geometry in D="1

[ R E Bulk band
* =(R T) ) With R+ T =1 \./

#) TN R g ) TETIT | e
® | e’ @ A
Conductance: G = — =T— =T G,, - .

AV h

» Chern insulator (Quantum Hall effect)

—>

¢ Effective transmission through the edges

® When u € gap, I = n (number of edge
states)

Gy=e*/h=3.8710"S
Von Klitzing constant R, = h/e* = 25 812.807

> 0 : >
M Fermi M Fermi




Transport and edge states

» Landauer-Buttiker formalism

(—e) e
e 2terminal: [ =T - (U — py) = TT(VI —V,)
—e
Multi-contacts: [, = — N ( — a)
g g p#a P

> Quantum Hall effect

® n chiral edges modes (linear response):

i -1 1 0 0 0 0)\(m
h 0 -1 1 0 0 0 ||
Ll (=e)nl 0 0 -1 1 0 0 |]]|Hs
LI n |0 0o 0 -1 1 0]t
I 0O 0 0 0 =1 1/[]|#

1 0 0 0 0 —=1)\Hs



Transport and edge states

» Quantum Hall effect

® n chiral edges modes (linear response):

i -1 1 0 0 0 0)("

f 0 -1 1 0 0 o0 ||~

Ll (=e)n|l o0 0 =1 1 0 O0|]]|Hs

Ll  h 0 0 0 =1 1 0 |]|m

I. 0 0 0 0 —=1 1/||#s

/ 1 0 0 0 0 =1)\k
6

s Current conservation: Z I, = 0 and definition of y = 0:

a

i -1 1 0 0 O0O)(H —He Hi—
5 ey | 0 =1 10 0 [|mH oy —
;| = 0O 0 -1 1 0 H3 —He| = | H3 —
A f 0 0 0 -1 1 ||Hs—He Ha —

7 0O 0 0 0 —=1)\Hs~He Hs —
5

n(—e)

—1
0
0
0
0

—1

—1
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—1
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Transport and edge states

> Quantum Hall effect

® n chiral edges modes:
H1 — He
Hr — He i
H3 — He
K4 — He
H5 — He

B n(—e)

—1

—1
—1

—1
—1
—1

—1
—1
—1
—1

e CurrentS: 12213215216:()and14:_1121

K1 — He —1
Hr — He 7 0
H3 — He | = 0
My — He n(—e) 0
Hs — He 0

= Only 2 possible conductances, GHg|| =

—1

—1
0
0
0

—1

—1

—1
0
0

—1
—1
—1
—1
0

—1\ (-1 0

—111 0 b

—1llo]= 1

—1]|+1 €11

—1)J\t o0 0
I

Ve — V>

= Gg06 = Gyps =n

62

h

and Gyo3 = Gy 56 = 0



Transport and edge states

> Quantum Hall effect

® n chiral edges modes: = Only 2 possible conductances,

G ! =G =G —62
— — p— n
Hall V.V, 1426 = Y1425 ’

and Gy03 = Gy 56 = 0

e CurrentS 12 — 14 — 15 — 16 () and 13 — Il — I

Uy — He 1 o—1 =1 =1 —1\(=1I 0
Hy — He 1o -1 -1 -1 —1ffo |
Uy — e | = 0 0 —1 -1 —1||+1]= 1
w—usl "Dl o o o -1 —1]]o0 ne |
Hs — Hg 0 0 0 0 -1 0 0
62

= Again 2 equipotentials and 2 conductances, GHaII = G13,26 = n— and G13,26 = () (B)

h



Transport and edge states: Quantum Spin Hall effect
R — ¥y (@)

» Landauer-Buttiker formalism

—€

e Multi-contacts: [, = 7 af (//i/; - ﬂa)
p#a

Quantum
- Spin Hall
effect

» Quantum Spin Hall effect

& 2 counter propagating chiral edges modes:

2 =1 0 0 0O —=1) (M
-1 2 =1 0 0 0 12%)
Ll (&)l o0 =1 2 1 0 0|l#x

Iy h O 0 -1 2 —=1 0 ||H4
I O O 0 -1 2 -—=1]|#
7 -1 0 O O -1 2 )\Hs
6




Transport and edge states: Quantum Spin Hall effect

» Quantum Spin Hall effect

& 2 counter propagating chiral edges modes:

2 =1 0 0 0 —=1)(H
-1 2 =1 0 0 0 ||#
Ll (&)l 0 -1 2 1 0 0]|]|Hs
Ll n |0 0 -1 2 =1 0]||H
I O O 0 -1 2 -=11]|#s
I, -1 0 0 0 -1 2 )\He

¢ Current conservation: Z I, = 0 and definition of u = 0:

a

i 2> —1 0 0 0)(Hi—He) (H1—He 543 2 1)["
1 Co|-1 2 -1 0 0|k~ m—us| |4 8 6 4 2|2
| = 0 =1 2 1 0 |I¥s—Hs|l=>|M3—Hs|l=—1]|3 6 9 6 3||L
| "o o -1 o2 —uf|mme| |m—ms| %2 46 8 4]y
I 0 0 0 =1 2 )\Hs5~ He Hs — He 23 4 5]



Transport and edge states: Quantum Spin Hall effect

iy — Mg s 43 2 1)|"
Ho=He| |4 8 6 4 2[5
H3 — He :6_ 369 6 3|4
Ha—He| P12 4 6 8 4[]l
Hs — He 1 2 3 4 35)|y
: _1
K1 — He 5 4 3 2 1 . 2 Roth et al., Science 325, 294 (2009) | |
Hy—Hs| _, |4 8 6 4 2] 0 (1) L o T Fliggi=dn/2e” -
H3 — He :6_ 369 6 31]10]= > X —1 35
ks ¢ 2 4 6 8 4|1 | ‘
Hs — He 1 2 3 4 5)J\0 i —
3 i 205
L\ =h  3-h_ *
o=y =g — P+ pe— = |1 — (%) | —I = L, o
2 € 2 e :
V4—Vl 3 h 5
= Ryg14 = = 1




Transport and edge states: Quantum Spin Hall effect

iy — He 54 3 2 1)["
Ho=He| |4 8 6 4 2[5
Hs—Hsl=—1|3 6 9 6 3]||L
m—Hs| |2 4 6 8 4f|y
Hs — He 1 2 3 4 35)|y
S _ 1

K1 — HUg 5 4 3 2 1 . 2 Roth et' al.,ScI:ience'325, I294 (2-009). | | | |
=kl _, 14 8 6 4 2[|0 (1) L T i
Hy~Hol=-——13 6 9 6 3 0= [x—1 35
Hy — U “12 4 6 8 4| 1 | ¢
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Transport and edge states: Quantum Spin Hall effect

iy — He 54 32 1)|"
Ho=He| |4 8 6 4 2[5
M3 —Hsl=—1|3 6 9 6 3||L
m—Hs| |2 4 6 8 4f|y
Hs — He 1 2 3 4 35)|y

A 5

R,313=4h/3e?2 -
2 | 3

U [: 1-3 T

‘ V: 5-4




Quantum Hall Effect and Chern Topological Insulator

—— =

2DEG (Heterojunction GaAs/AlGaAs)

n is a topological invariant <>

I—

——

Thouless et al.. PRL 49 (1982)

Topology of Vector Bundle

over the Brillouin/Boundary conditions Torus
. Filled Landau level

N 1 Bk
Chern number C; = o dS F :
T

with F' the Berry curvature

- N W bH

IR

with high |
preC|S|on &

=2

number of (robust) edge modes

——

T—

M. Buttiker, PRB 38 (1988)

Filled Landau Levels




Quantum Hall Effect and Chern Topological Insulator

> Kubo formula (T=0)

ih 1 ' o . . . '
o Z <TO‘]x‘\Pm><\Pm‘]y‘\PO>_<lPO‘Jy‘\Pm><\Pm‘]x‘\PO>

Y LL, & (E, - E)

. Many body state
Current J (1) = / /

0A,(T)

D,

Aharonov-Bohm flux

0
= Dephasing by 21—~ around flux

Po

/ \ = Vector potential A, = ©,/L



Q. Niu, D. J. Thouless, Y.-S. Wu (1985)

Quantum Rall Effect and Chern Topological Insulator 3 Ao, R Sl and U G Yot (1567

J. Luneau, C. Dutreix, Q. Ficheux, P.
Delplace, B. Doucot, B. Huard, D. Carpentier,
Phys. Rev. Research 4, 013169 (2022)

> Kubo formula (T=0)
ih 1 ' A . . . '
o Z <lPO‘Jx‘\Pm><\Pm‘Jy‘\PO>_<\PO‘Jy‘\Pm><\Pm‘Jx‘\PO>

Y LL, ~(E, - Ey)?
. oH L
Current J (r) = L Aharonov-Bohm flux: A, = ® /L, (homogeneous)

SA(r)  “od.




Q. Niu, D. J. Thouless, Y.-S. Wu (1985)

Quantum Rall Effect and Chern Topological Insulator 32 Ao, . St and . GVt (567

> Kubo formula (T=0)

ih 1 ' A A A . '
ny: 7T Z (E _E)2 _<‘PO‘Jx‘\Pm><\Pm‘Jy‘\PO>_<\PO‘Jy‘LPm><LPm‘]x‘LPO>_
XY im0 m 0
Current J (1) = oH =L oH Aharonov-Bohm flux: A, = ® /L (homogeneous)
! SA,(r)  “od,

Many-body state ¥ (generalized boundary condition)
Wit + Lo y) = € 703 1 P+ L) = € 0, )
= 21 periodicity of ¥




Q. Niu, D. J. Thouless, Y.-S. Wu (1985)

Quantum Rall Effect and Chern Topological Insulator 32 Ao, . St and . GVt (567

> Kubo formula (T=0)

ih 1 ' . A . A '
ny 7T Z (E _FE )2 _<lPO‘]x‘\Pm><\Pm‘]y‘\PO> o <\PO‘]y‘\Pm><\Pm‘]x‘\PO>_
XY g N M 0
Current J (1) = ol — 7 oH Aharonov-Bohm flux: A, = ® /L (homogeneous)
! 0A (T) oD,
oH oH oH
h P Y WY, |— ¥ — (Py|— |V, NV, P
z%‘w EO)2<0| x| ol G 1 0) = (Fol S 1) (| 5 1)
= hAB(D,, D,) Berry curvature of Y(P,,D,)

Should be independent on boundary condition:

1 > h :
Oy = szcp 0, (®) = 22 ; szcp RB(D) = %% with &: Chern number of
ho " (D, D)




Quantum Hall Effect and Chern Topological Insulator

—— =

> Electrodynamics of an insulator > Topological electrodynamics in d=2:
¢ Terms invariant under gauge transformations ¢ |n d=2, extra term (Chern-Simons) invariant
Ay = A+ 0, 0(0): BBy Eipyk under gauge transformations: —G”UAAM@/A/I
¢ Standard Maxwell Lagrangian (isotropic): 4r
€ | - _
302701*:2 ; Bz—qu+j.A WIthA’M—(AO,—A)
#o ¢ Under a gauge transformation
- 1 .42
¢ Action & = Id rdt £ (A,u N A,u aﬂ%(r)) :
el WA 0 A, = eMA 0, A, + €MD 40 A
‘EZOZ_IO_I_GOV.E € W0,A;, — € 40,4, + €770, x0, A,
58 . 1 with a modified action
Q_ZO:j‘FGOE VXB K ) P
—_ U
0A Ho 08 = 4—ﬂjd rdt e (')ﬂ ()(avA/l)

Bouv\dar:j tervwa !



Quantum Hall Effect and Chern Topological Insulator

e ——————

> Electrodynamics of an insulator > Topological electrodynamics in d=2:
¢ Terms invariant under gauge transformations ¢ |n d=2, extra term (Chern-Simons) invariant
n..[E. K
Ay = A+ 0,(0): BBy Eipiky under gauge transformations: —¢e*#**A 104,
¢ Standard Maxwell Lagrangian (isotropic): 4r
€ | - _
302701*:2 ; Bz—qu+j.A WIthA’M—(AO,—A)
Ho e Associated current:
¢ Action & = szrdt A , 5cS’ iy A K E
55 fi= T SA, T 2 10N T
5gb ¢ Quantized Hall conductivity
1 2 2
s——O—J+€OE VXB e €

oA Ho R



Outline

> 2D topological insulators

¢ Edge states versus bulk: the Quantum Hall Effect example

¢ Modified electrodynamics and quantized Hall response In

2D
> 3D topological insulators _ |
e Surface properties 1 Y '
¢ Modified electrodynamics in 3D: magneto-electric effects ;' ~y 4 1
¢ (A choice of some) consequences ’ ' j /
( nsulator L\ Y ;
A
> 3D topological semimetals [— S —

& Recap of topological properties: anomalous Hall effect
¢ Modified electrodynamics

¢ Non-reciprocity of electrodynamics: consequences on
optical and thermal properties



Half quantized Hall effect at the surface of a topological insulator

E
> Dirac electron at the surface:

e Bloch Hamiltonian (v, ~ 5 10°> m/s):

He oo = AV (kyax _ kx0y> — vk xe) .o

® Energies: Egrface = T \/(if”vakx)2 + (thky)2 = hvg | K|

> Magnetic impurities (e.g. Cr in (Bi,Sb)2Te3):
e H,,, =J2Si.0= m.o
imp

® Opens a gap: Egrface = + \/ (hvpk, + my)2 + (Avgpk, — m,)* + m?

® Atlow E, Hegf = h,o, + hyo, + h.o, with h(k,, k) = (Avek,, — hvek,, m,)



Half quantized Hall effect at the surtace of a topological insulator

E
> Magnetic impurities (e.g. Cr in (Bi,Sb)2Te3):

° Himpzfzsi.(f:m.a
imp

® Opens a gap: Egrface = + \/ (hvpk, + my)2 + (Avgpk, — m,)* + m?

® Atlow E, Heft = hyo, + hyo, + h,o, with h(k,, k) = (Avgk,, — thkx7
» Hall conductivity: Aci.c;a»i.nfo’s lectures k
e’ 1
¢ 0y === | dkdk, h. (akxh X (’)kyh>
sSgn\m., ) e P Va
_ gn( Z) h(O,ky > m,) . A— ~$
2 h o 7
m, > 0

<



Half quantized Hall effect at the surface of a topological insulator

e e — Chang et al., Science (2013)
A. Sekine, K. Nomura, J. Appl. Phys. (2021)

> Hall conductivity:
> 1

€
00y = Jdkxdky h. ((')kxh X (’)kyh) _

sgn(m,) e*

2 h

® Observed in Cr-doped (Bi,Sb)2Tes

The lowest sub-bands
( a) with broken TRS -- -~ ____ Fermi level




Phenomenological Magneto-electric effects In topological insulators

e —— = - — = — = = ———— =

(a) E g oM
¢ Magnetically doped TI: at the surface, massive Dirac T1|\
fermions
e’ & %
® Apply K: j; = — Esgn(m)fﬁ X E N , v X
2
e \____,
s Ampere’s law: |M| =c¢7|j,| = M = sgn(m)—E '
M| =c"|j,] - k-
| |

A electric field creabes a magnebization




Phenomenological Magneto-electric effects In topological insulators

e —— e — S e = — = =

(a) E g g M
¢ Magnetically doped TI: at the surface, massive Dirac 11]\
fermions
e’ & '
® Apply K: j; = — Esgn(m)fﬁ X E N , v X
2
e \____’
s Ampere’s law: |M| =c¢7|j,| = M = sgn(m)—E ‘
M| = c' || - »
Ry | |
A electric field creates o maghetization
I ———
* Apply B, induce E"™ with VX E" = — 0B (b)

» E"? generates a surface anomalous Hall effect:
2

° e ,
Jg = ESQH(W!)W@B & 5
y

e Using J; = 0P we get P = sgn(m)ze—th

A maghetic field creates a EOLQ?E&QEEOM A




Phenomenological Magneto-electric effects In topological insulators

e — - _— e —— =— o = -

> Axion electrodynamics

¢ Magnetically doped Tl: at the surface, massive Dirac ® Modified electrodynamics (6 = 7)

fermions , 9
1 e € 3
e AoplvE: i, = — — — A% E F = Jdr@EB
pply K Jg 2sgn(m) 7 & 2 4lhc
o Ampeére’s law: [M| = ¢! [Jul > M = sgn(m)z—th ® Magnetization: M = — 0F/0B
2
An electric field creates a nmaghetizakion M = - 0 E
e ———— 4r2hc
® Apply B, induce E™ with V x E"4 = — 0B ® Electric polarization: P = — 0F/0E,
| 2
. E"“ generates a surface anomalous Hall effect: P — ‘ 0 B,
. 1 62 47Z'2hC
JH = Esgn(m)fatB
o2
e Using j = 0.P we get P = sgn(m)—B
INg Jy t 9 gn( )zhC

A moagnetic field creates o polarization




Magneto-electric effects In topological insulators

e e — - - —— — —— ———— == -

> Axion electrodynamics ¢ Field theory action:
2
® Modified electrodynamics (0 = x) S, = - € J' OFE B
o2 : 4n’he ),
F = 5 d’r 0 E.B .
dr=hc _ ¢ 0 cHPAE F
® Magnetization: M = — dF/0B 32n’he ey
2
M — . ih 0F With F,, = 0,A, — 9,A,and A, = (A), — A)
¢ Ej i |C P = — 0F/0E p=- VA oA, B=VxA
ectric polarization: ¥ = — ,
epz ® Topological term: pure surface term (€ constant)
P = 0 B, e’
472hc S = 0 J e"P*9 (A0 A)
8mhc . e

® Magneto-electric effect in the bulk <> surface
anomalous response



Magneto-electric effects In topological insulators

e ——————

2
e
Modified (Axion) electrodynamics: &'y = J OE.B
drhc )
> Time Reversal Symmetry > Inversion Symmetry

® Time Reversa: E = E,B —- — B ® InversionE - —E,B—> + B
® Time Reversal symmetry: @ = — 6 (mod 2x) ® Inversion symmetry: 6 = — 6 (mod 2x)

* Topological Insulator: 0 = « * Topological Insulator: @ = «

# Standard Insulator: @ = (0 # Standard Insulator: @ = (0

¢ |n magnetic insulators (no Time Reversal

symmetry): @ arbitrary, and depend onr, ¢



Magneto-electric effects In topological insulators

e ——————

> Axion electrodynamics » Linear magneto electric coupling
¢ Modified electrodynamics: . oM,  OP,
5 ) — - —
e oE. 0B.
CSDQ - J H E . B l l
4n’he | | e* 1
’ = (0 = ﬂ)T ~ 24.3 ps/m
® Electric polarization: P = — 0F/0E, 4rhe HoC
2
P — € 0B ¢ Magneto-electric (antiferromagnetic) materials
2 J
4rhe (Cr203): a =~ 0.7 ps/mx
® Magnetization: M = — 0F/0B
2
4
M = 0K

4dr’hce



TOpOlOg|Ca| e\eCtrOﬂlCS r? M. Gilbert, Comm. Phys. (2021)

Zhu, H. et al. Sci. Rep.(2013)

Ti/Pt
Source/Drain

> Topological field-effect transistors

¢ Surface states + bulk states -> reduce
the thickness

¢ 3.5-nm-thick BixSes FET

¢ | ow energy consumption but slow

| HP CMOS

¢

SR
&

HomlJ TFET
HP TI FET
3 4 ¢
&

[
-
-

LVTIFET

Energy per Operation (aJ)

[—

ol

2 4
Interconnect Switching Delay (ps)

-



TOpO‘OgK;a‘ e\eCtFOHICS r) M. Gilbert, Comm. Phys. (2021)

Philip, T. M. & Gilbert, M. Sci. Rep. (2017)

> Topological magneto-electric effect inductors

¢ high-performance, small-footprint, on-chip inductors

¢ Hall effects current around the ferromagnetic islands: 0.8
concentrate magnetic flux, high inductance _ 06
= .
c
;0.4

0.2 [N

\ X - p
(d) v O.\,-,.\\-,
0 0.’5 ‘ 1
LF Copper® 0.2 1700
RF Copper! 6 282
CNT™" 150 23.2
Graphene’ 150 636
Topological Inductor 1000 930




Outline

> 2D topological insulators

& Edge states versus bulk: the Quantum Hall Effect example

¢ Modified electrodynamics and quantized Hall response in
2D

> 3D topological insulators

¢ Surface properties
¢ Modified electrodynamics in 3D: magneto-electric effects

¢ (A choice of some) conseguences

> 3D topological semimetals

¢ Recap of topological properties: anomalous Hall effect
¢ Modified electrodynamics

¢ Non-reciprocity of electrodynamics: consequences on
optical and thermal properties



Weyl, Dirac, and band crossings

> Weyl point: Linear Crossing between Two Bands in D=3
¢ |ocally Bloch Hamiltonian = Weyl Hamiltonian

H(K + q) = yhvy (g0, + q,0, + q,0,) with a chirality y = * 1

& come by pair of opposite chirality

> Dirac point: Linear Crossing between Four Bands in D=3
® |ocally Bloch Hamiltonian = massless Dirac Hamiltonian

_ _( Hwep(x = +1,q) 0
H(k =R q) B ( 0 HWeyl(X — —1,(])

... Old subject revisited recently

W. C. Herring, Accidental Degeneracy in the Energy Bands of Crystals (1937)



Topological Properties of a Weyl point

> Weyl point: Linear Crossing between Two Bands in D=3
¢ |ocally Bloch Hamiltonian = Weyl Hamiltonian

H(K + q) = yhvy (g0, + q,0, + q,0,) with a chirality y = * 1

& come by pair of opposite chirality

Berrj Curvature on S

® Focus on states y_(K) below the crossing {/ k

1
® Chern number around the Weyl point: n_(K) = z—ﬂﬂg F_(K)=y
&

¢ \Weyl point = Berry monopole




Topological Properties of a Weyl point

> Weyl point: Linear Crossing between Two Bands in D=3
¢ |ocally Bloch Hamiltonian = Weyl Hamiltonian

H(K + q) = yhvy (g0, + q,0, + q,0,) with a chirality y = * 1

& come by pair of opposite chirality

Berry Curvature on S
® Focus on states y_(K) below the crossing ~ I
1 \/ < A
® Chern number around the Weyl point: n_(K) = —ﬂg F_(K)=y
27 ) ¢ »

¢ \Weyl point = Berry monopole (analog of Dirac monopole)
ky
: 3E F(k) =0
0BZ

® Weyl points come by pair n_ = = 1of opposite chirality




Topological Properties of a Weyl point

> Weyl point: Linear Crossing between Two Bands in D=3

¢ |ocally Bloch Hamiltonian = Weyl Hamiltonian

H(K + q) = yhvy (g0, + q,0, + q,0,) with a chirality y = * 1

& come by pair of opposite chirality

® Chern number around the Weyl point: n_(K) = 5
T

® Time Reversal Symmetry : n_(K) = + n_(—K)

® Parity: n_(K) = —n_(—K)
® \Weyl point: break either P or T
® P breaking Weyl semimetal:

¢ [ breaking Weyl semimetal:

at

at

east 4 Weyl points

east 2 Weyl points

?E F_(K)=yx
S




Fermi Arcs and Hall effect of Weyl Semi-Metals

— e - [Wan et al, (2011), Hosur et al, 2013]

2 Weyl points: Linear Crossing between
Two Bands in D=3

¢ |ocally Bloch Hamiltonian = Weyi
Hamiltonian

HK + q) = yhvp (g0, + q,0, + q,0,)

with a chirality y = = 1

& come by pair of opposite chirality

w -k

Brillouin Zone (Bulk)



Fermi Arcs and Hall effect of Weyl Semi-Metals

e ———— — . [Wan et al, (2011), Hosur et al, 2013]

2 Weyl points: Linear Crossing between
Two Bands in D=3

¢ |ocally Bloch Hamiltonian = Weyi
Hamiltonian

HK + q) = yhvp (g0, + q,0, + q,0,)

with a chirality y = = 1

& come by pair of opposite chirality

ky R 8 Chern number around the Weyl
points:
|
n_(1/2) = —fls F (k)y==1
. 21 J g

w -k

Brillouin Zone (Bulk)



Fermi Arcs and Hall effect of Weyl Semi-Metals

e ————————————————————— e o [Wan et al, (2011), Hosur et al, 2013]

¢ Chern number around the Weyl
points:

n_(1/2) = QLHE F(k)==+1
S

Hy ks ko k)
gapped = Chern number €_(k)

& Consider 2D Bloch Hamiltonian
H,p(k., k,, k, ) at fixed k, : 2 bands
with a gap

¢ B (k)= L?E F (k)eZ
kok,

27

aL

Brillouin Zone (Bulk)



Fermi Arcs and Hall effect of Weyl Semi-Metals

— . [Wan et al, (2011), Hosur et al, 2013]

¢ Chern number around the Weyl
points:

n_(1/2) = iﬁﬁ F(k)==+1
S

&_(k.) & _(k.)

27

& Consider 2D Bloch Hamiltonian
H,p(k., k,, k, ) at fixed k, : 2 bands
with a gap

¢ B (k)= iﬂﬁ F (k)eZ
kok,

27

® Difference € _(k,) — €_(k,) = n_(2)

i -

Brillouin Zone (Bulk)



Fermi Arcs and Hall effect of Weyl Semi-Metals

— . [Wan et al, (2011), Hosur et al, 2013]

¢ Chern number around the Weyl
points:

n_(1/2) = 2%?@ F(k)==+1
S

& Consider 2D Bloch Hamiltonian
H,p(k., k,, k, ) at fixed k, : 2 bands
with a gap

¢ B (k)= —aE F (k)eZ
kok,

® Difference € _(k,) — €_(k,) = n_(2)
¢ ¢ —6_=-1

i -

Brillouin Zone (Bulk) s ¢_—-6¢_=1



Fermi Arcs and Hall effect of Weyl Semi-Metals

—e——++—— _ . [Wan et al, (2011), Hosur et al, 2013]

® Hall effect 1 b

I / 62
o, = — (#k. € [K,K])7
B 2bh e?
- 27/L h
k, .

i -

Brillouin Zone (Bulk)



Fermi Arcs and Hall effect of Weyl Semi-Metals

eeee—— o - [Wan et al, (2011), Hosur et al, 2013]

® Hall effect 1 b
p)
[ / e
o, = — (#k, € [K, K1) -
B 2b €2
-~ 2x/L h
ky \ @ Fermi arcs of surface states

i -

Brillouin Zone (Bulk)




Magneto-electric effects In Weyl semi-metals

> Electrodynamics of an insulator > Axion electrodynamics
¢ Standard Maxwell Lagrangian (isotropic): €, 0O
€ 1 grangian ( Pic) ® Modified Lagrangian: £, = 2a L E.B
Zy=—F’ B°—pp+j.A Ho 27
2 2,[/!() ,
e
¢ Action & = szrdt A with o = the fine structure constant
dreghc
0
¢ g =0=—-p+¢ V.E > Time Reversal Symmetry
0 . | & T O = —
6 22 —0=j+eE V % B Time Reversal symmetry: 6 6 (mod 2r)
0A Ho * Topological Insulator: 0 = «
k. . * Standard Insulator: 6 = 0

¢ |n magnetic materials (no Time Reversal

symmetry): @ arbitrary, and depends on r, ¢

> Magnetic Weyl semimetal:

® For a single Weyl pair: 8(r) = 2b .r



Magneto-electric effects In Weyl semi-metals

e ——————

> Electrodynamics of an insulator > Axion electrodynamics
¢ Standard M Il L | ISotropic): €, 0O
a ar€0 axwel agrangian (isotropic) ® Modified Lagrangian: £, = 2a L E.B
Zy=—F’ B°—pp+j.A \ 4o 27
2 2//l() )
¢ Action & = Idzrdt A with o = ‘ the fine structure constant
dreghc
09 0 +¢, V.E 0
& — = _ — € .
50 £ ey E=2 26(1V<—>.B
09 O0=j+¢, E : VxB 0 o
& —— — — €
OA ] 0 Ho o | 20 v,
VXB=puyl 0K VI — | XE
c? C 21

® If 6 is inhomogeneous: Maxwell eq. Modified !



Magneto-electric effects In Weyl semi-metals

> Electrodynamics of an insulator > Axion electrodynamics
¢ Standard M Il L | ISotropic): €, 0O
a ar€0 axwel agrangian (isotropic) ® Modified Lagrangian: £, = 2a L E.B
Zy=—F’ B°—pp+j.A Ho 27
2 2,[/!() )
¢ Action & = szrdt A with o = ‘ the fine structure constant
dreghc
09 0 +¢, V.E b
& — — = — € .
50 £ % ey E=" 2ca<—).B
09 O=j+e¢y E : VxB R §
& —— — — €
5A A . 1 2a (b
VXB=puyl 0K — | X E
L c? c \7

> Magnetic Weyl semimetal:

® For a single Weyl pair: 8(r) = 2b.r




N OonN reCi p rOC Ity C. Caloz et al, Phys. Rev. Applied (2018)

A nonreciprocal system is defined as a system \‘_'/
that exhibits different transmitted fields when -
its source and detector are exchanged | |




SO UnN d NOnN reCi p rQCity [R. Fleury et al, Science (2014)

— = __ — - — . — ————————

o Full-wave
= Theory

.
I = 2918,

Mode frequency (Hz)

0 0.5 1 15 2
Bias velocity v (m/s)

Standard Zeeman effect Acoustic Zeeman effect

£ B

Acoustic circulator: 3-port
implementation of acoustic
Zeeman device




MeChan |Ca‘ NOnN reC| prOC|ty [C. Coulais et al, Nature (2017)

_ No-n*reciprcwi&v

€ 0.02

T

()]

-

()}

®

2 0.00

L.

5

-

S 0.000+ :
- .3,__0(.'(\)') 0.3

~0.02 - &
-0.3 0.0 0.3

Input force, F,

2D topological mechanical metamaterial.
For clarity, the image difference between the
deformed and initial geometries have been
overlaid on the bottom half of the pictures



Electromagnetic nonreciprocity Absorption  Tianii Livet a

¥ $ J eLight (2022)

> Equilibrium
Emission

¢ \/anishing net exchange of energy with \ /:4
environment /
Material at
' temperature T

¢ Black body radiation set by T




Electromagnetic nonreciprocity (6. K). Absorption  Tianii Livet a

eLight (2022)

> Equilibrium

_ Emission
¢ Vanishing net exchange of energy with e(w, K) R\ e
environment -/
¢ Black body radiation set by T

® Kirchoff law (1860): absorptivity a(w, K) and
emissivity e(w, K) are equal, a(w, K) = ¢(w, k)
¢ ~ valid away from equilibrium

Material at
temperature T




Electromagnetic nonreciprocity

Ab tl Tianji Liu et al,
a(w, K) ¥ SOTpHon eLight (2022)
> Equilibrium
Emission
¢ Vanishing net exchange of energy with e(w, K) \ ,
environment L/

¢ Black body radiation set by T

® Kirchoff law (1860): absorptivity a(w, K) and
emissivity e(w, K) are equal, a(w, K) = ¢(w, k)

¢ ~ valid away from equilibrium

Material at
temperature T

a(w, k) \

i g Absorption

» QOptical non-reciprocal materials

/Y Emission
® Assymetry in a(w, K) # ¢(w, k) (. K) % T
¢ |ncrease of solar cell’s efficiency
¢ Passive radiative cooling under direct sunlight |
Material at

temperature T




Aaswath P. Raman
et al, Nature (2014)

Electromagnetic nonreciprocity
D - a(w,K)

g Absorption

= ? | X Fmission

Material at
temperature T

» QOptical non-reciprocal materials

& Assymetry in a(w, K) # ¢(w, k) e(w, K)
¢ |ncrease of solar cell’s efficiency
¢ Passive radiative cooling under direct sunlight

Exposed to sky
v
) 7900
80 T e TN 1800
w
. Black paint 1700 &
O 2
T 3
o SO 1500 & Reflect
© g sunlight
"g’ 8
& =
- 1250 3
<
10— Photonic radiative cooler ki
otonic radiative cooler 0  soetit

9000 11:00 1200 13:00 1400  15:00
Time of day




et al, eLight (2023)

Giant optical non-reciprocity in Weyl materials Gheng Guo

e ——————

> QOptical non-reciprocal materials are rare

¢ Typically magneto-optical materials

® Manifests itself as a asymmetric dielectric tensor: el * €

T
€ — €
& Measure non-reciprocity through y =
€+ el
) . i a)c ) eB
For magneto-optical materials, y ~ — with the cyclotron frequency w,. = —
0, m

®ForB~ 1T, w.~1THz, wegety ~ 10~3 — 107 at optical frequencies (weak non-reciprocity)

> Magnetic Weyl semimetals

® Potential for y ~ 1 at optical frequencies (giant non-reciprocity)



Giant optical non-reciprocity

> Dielectric tensor for a magnetic Weyl semimetal with b || z

e From ep(w) = €,(w) l o(w)
0,

Background permittivity conductivity tensor of Weyl electrons

ep e, 0

Wegete = | —ie, €p 0 |, typical form of a gyrotropic medium
0 0 ¢y
2b 1 e?
€ (W) = (anomalous quantum Hall effect)

. 2t w h



Giaﬂt thica‘ ﬂQﬂ-reciprgci’[y 0. V. Kotov and Y. E. Lozovik, PRB (2018)
E 4

> Dielectric tensor for a magnetic Weyl semimetal with b || z

e From ep(w) = €,(w) l o(w)
0,

ep e, 0

Wegete = |—ie, €¢p 0 |, typical form of a gyrotropic medium
0 0 €
D 50
(w) 2 1 ¢ ( | tum Hall effect)
€ (w) = anomalous quantum Hall effec L
¢ 2t w h 25
-
e From Kubo formula: A (| -y —
W W
(@) e” ki 00 -2+ (2 _al dec th 75 b
op(@) = — — | ——QIn Wi —25F
DT 6 7\ Q Q2 — 4] Re(ep)
L —50" “a
Q=n(w+it7")/Ep, €. = E-/E (cut-off)

00 05 1.0 15 2.0
® Non-reciprocity y =~ |€,/ep| ~ 1 over wide frequency range hw/EF



Non-reciprocal Waves at the surface

Eleckron

Ions ’."“‘ > Plasmon
"”.‘. ® Displacement r creates polarization P = ngr
’."“‘ ® Induces electric field E = — 4P
’.”". ® Restoring force: m&tzr =gk = — drne’r (harmonic oscillator)
::::::: ® Plasma frequency: Q]% = dane”

m

& Quantum: plasmon

> Surface Plasmon polariton

¢ Collective electromagnetic and electron-charge

Dielectric

excitations confined to the surface of a metal or :
polariton

semiconductor

® Fields of the form E = Eje'4" %Y~ @lpxlz surface plasmon




Non-reciprocal Waves at the surface

e —— = -~ e ——— =~ = — =

» Surface Plasmon polariton

¢ Collective electromagnetic and electron-charge
excitations confined to the surface of a metal or
semiconductor

® Fields of the form E = Ee'4 %Y @lp kI

> Surface Plasmon polariton in semi-metals

¢ Dirac semimetal (2 overlapping Weyl cones)

Brillouin Zone

0.0

J. Hofmann and S. Das Sarma PRB (2016)

»_4a (u ’
Plasmon frequency: €2, = |7
T

62

with a =
hvie,,

2.0 4.0 6.0 8.0



Non-reciprocal \Waves at the surface J Hofmann and 5. Das Sarma PRE (2016

» Surface Plasmon polariton

. . , da (u .
& Collective electromagnetic and electron-charge Plasmon frequency: Qp — 3_ %
excitations confined to the surface of a metal or o2
semiconductor with a = P
vFeoo

® Fields of the form E = Eje'4" %Y @lpxl2
Euolr2O7, €, = 13

1.2
» Surface Plasmon polariton in semi-metals 10 (c) > () Dirac (b = 0)
¢ Dirac semimetal (2 overlapping Weyl cones) os b £ g <0
® \Weyl semimetal (distance 2b between cones): el
< 0.6 Vacuum
non-reciprocal 3 - |
b parallel to surface
. 0.2 ] 4 ib
0.0
- 0.0 20

Brillouin Zone

< — —— —




Non-reciprocal Waves at the surface J. Hofmann and 8. Das Sarma

PRB (2016)
— o EU2Ir07, €, = 13
> Surface Plasmon polariton in semi-metals 1.0 (c) ’ qg >0 Dirac (b = 0)
¢ Dirac semimetal (2 overlapping Weyl cones) 0:8 - ,"Bulkplasmonq <0 |
® \Weyl semimetal (distance 2b between cones): el
| | < 0.6 Vacuum
non-reciprocal / reciprocal 3 - |
1.2 0.2 b parallel to surface
W qlb
1.0 0.0 -
0.8 0.0 2.0
§ 0.6 Y Vacum cq/ (2,
0.4
0.2 ' b parallel to surface
{ qfb
0.0

0.0 2.0 4.0




» 2D topological insulators

¢ Edge states versus bulk: the Quantum Hall Effect example

¢ Modified electrodynamics and quantized Hall response Iin
2D

» 3D topological insulators

¢ Surface properties

¢ Modified electrodynamics in 3D: magneto-electric effects

¢ (A choice of some) consequences
> 3D topological semimetals
& Recap of topological properties: anomalous Hall effect

¢ Modified electrodynamics

& Non-reciprocity of optical and thermal properties

hw/EF
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—- 25.00

0.05 . T T T
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kx | kf)
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Non-reciprocity Parameter n

Wavelength (um)



Topological Insulators < Thermoelectricity 7

standard insulator topological insulator

1 =

~ Topological Insulators : band
Inversion by spin-orbit =

heavy atoms

|

t 1. large spin-orbit : materials with
|

’\
| 2. gap comparable with spin-orbit “ . , _
: small gap semiconductors Ji 0 -

+ same mwaterials, - — - e DRSSOt

N THeroeIeotric aerials :
. 4 | .
different reasons ? ...

1. low phonon thermal conductivity : materials
A d&f{@_r@_y\ﬁ T'OW‘\SQ. 0,¥ | with heavy atoms

P&r&MQEQTS 2. large electronic power factor 032 : small gap
\ semiconductors




Spin-Orbit Coupling

#» «relativistic correction»

—ih y*(0, +ied, )Y =0

first relativistic correction to Schrodinger

( L oreV| H— 0.(VV X p))

I

Y = Ly

. ze 3
+ favored by heavy atoms (high 2) : V(T) — rg~1/7 VV ~ 7

P

» lifts spin degeneracy of bands

#* preserves time reversal symmetry



week ending

PRL 112, 226801 (2014) PHYSICAL REVIEW LETTERS 6 JUNE 2014

>

Enhanced Thermoelectric Performance and Anomalous
Seebeck Effects in Topological Insulators

2,*

Yong Xu,"* Zhongxue Gan,” and Shou-Cheng Zhang"
1Department of Physics, McCullough Building, Stanford University,
Stanford, California 94305-4045, USA
*ENN Intelligent Energy Group, ENN Science Park, Langfang 065001, China
(Received 5 February 2014; published 2 June 2014)

Improving the thermoelectric figure of merit z7 is one of the greatest challenges in material science. The
recent discovery of topological insulators (TIs) offers new promise in this prospect. In this work, we
demonstrate theoretically that z7 1s strongly size dependent in TIs, and the size parameter can be tuned to
enhance z7 to be significantly greater than 1. Furthermore, we show that the lifetime of the edge states in
TIs 1s strongly energy dependent, leading to large and anomalous Seebeck effects with an opposite sign to
the Hall effect. These striking properties make TIs a promising material for thermoelectric science and
technology.

=



Xu et al. PRL, 112 (2014)

> 2D topological insulator (for simptia&&v)
> bulle / edqge states contribution to transport

> two scattering times for edqes states 11 and 1



Xu et al. PRL, 112 (2014)

¢ size dependance of figure of merit
(bulle / edge contribution)
GS*T
21 =
K
» enhancement of Seebeck coefficient

- 22kyT OIn[T (E))

§ —
3e OE  |p_E,

usually increased by variations of density
(Wb of modes),

here : variation of scattering time / mean
free path NE)



Xu et al. PRL, 112 (2014)

* size dependance of figure of merit (bulk
[/ edqge conbtribution)
» enhancement of Seebeck coefficient

S (LV/K)

b

300

200

- 1100

-100

=200

10 10° 10 10° 10 10 10° 10°
Length (m) Length (m)

FIG. 4 (color online). The size dependence of (a) z7 and (b) S
for the 2D TI fluorinated stanene at 300 K.



