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1 Preliminary exercises to do before the school

1.1 Tight binding model for 1d chain.

Let?s consider a chain of N identical atoms with only one orbital per atom ¢,,(7), label |¢,,), separated by the
same distance a/2. We will consider the unit cell containing 2 atoms of length a, whose orbitals will be |pa,,)
and |@omy1), with m indexing the considered cell. The reason for this 2 atoms per unit cell is that we will
consider 2 different hopping integrals between the atoms of the same cell and between neighboring cells :

(B2m] ff |p2m+1) = (P2m+1] ff |p2m) = —t (1 —9)

(D2m| I}f |pam—1) = (Pam—1| H |p2m) = —t (1 +6) 1)
<¢2m| H |¢72m> = €0
(

boms1] H |pams1) = €1

All the other terms are considered null. The physical origin of this difference in hopping parameter can be an
unequal distance between identical atoms (in this case ey = €;) or just 2 different atoms per cell (eg # €1). We
will take the total wave function as a linear combination of the local orbital : ¥ = Z A, |P2m) + B | P2m+1)-

m
We recall the Bloch theorem : in a spatially periodic system of period T the total wavefunction is decomposed
in U(F) = u(f)e™" with u(7+ T) = u(F) a periodic function.

1. What are the limit of the Brillouin zone for a unit cell of length a 7

Solution.
The Brillouin zone is 0 : 2X] or | — Z : T]. Be careful that one of the boundary is exluded from the
Brillouin zone as it is actually the same point and you don’t want to count this point twice.

2. Using the periodicity of the system, calculate ¥(x + a) as a function of ¢o,, () and ¢aop41(x).

Solution.
From translational symmetry :

am (T + a) = pam—2()
P2m+1(z +a) = dpam-—1(z)
lIl(x + Cl) = Z am¢2m (J,‘ + (1) + ﬂ'm,@me-‘rl(x + CL)

= Z am¢2m72(x) + ﬁm¢2m71($)

m

, = Z O‘7n’+1¢2m” (I) + Bm/+1¢2m’+l (l‘)
m/=m-—1 "y

3. Using the block theorem, find the expression of ¥(z + a) as function of ¥(x)
Solution.
From Bloch theorem :
U(x) = u(x)e™™ with u(z + a) = u(z)
Then ¥(z + a) = ¥(z)e*®

4. Comparing the two expressions of ¥(x + a), deduce the relation between a1 and «,y, or B,+1 and S,

Solution.
Um41 = él/ku@m and Umy1 = eZkaﬂm

5. Calculate the term < ¢, |H|¥k > (@2, being one orbital of the first atom of the unit cell, labelled with an
even index 2n), first using the Schrodinger equation to make appear Fj, the energy of the wavefunction
Uy, and secondly expanding |¥) > to make appear the hopping integrals of the kind (pam| H |p2m+1)
that we will replace by the corresponding value (see Eq. 1). By comparing the two methods, derive the
first equation relating Fy, ay,, B, t and 0.



Solution.

< o H| Ve > = Ej < ¢on| Uy >= Ere*a
= Zam < ¢27L|H|¢2m > 4B < ¢2n|H|¢2m+1 >

NOIT zero term when m=n or m=n-1 (3)
= an < Go2n|H|p2n > +8n < G2n|H|P2n11 > +Pn—1 < d2n|H|d2n—1 >
= aneg + Bn(—t(1 = 6)) + Bne ko (—t(1 + 6))

= (B —€o)an + Bn [t(1 —6) + t(1+d)e” "] =0

6. Apply the same method for the term < ¢o,41|H|¥g > (Pant+1 being one orbital of the second atom of
the unit cell, labelled with an odd index 2n + 1) to find a second equation.

Solution.

< o1 MUy > = By < ¢pony1|Vy, >= Epe™ B,
= Zam < ¢271,+1|H|¢2m > +6m < ¢2n+1‘rH‘¢2m+1 >
NorTzero term when m=n or m=n-+1 (4)
= Oy < ¢2n+1‘7{‘¢2n > +an+1 < ¢2n+1|H|¢2n+2 > +Bn < ¢2n+1|7'l|¢2n+1 >
= ap(—t(1 = 0)) + ane™™(=t(1 +9)) + Bner
= (Er—€1)Bn + o [t(1—0) + (1 + 5)6““] =0

7. Using the two equations, find the two eigenvalues Ej.

Solution.
(B — €0) [t(1—5)+t1—|—5 zka:||:
[t(1 = 6) + (1 + 8)e™*] (By, — 1)
= (B, —€0)(Br —e1) =2 [(1 = 0) + (1 +8)e ] [(1 -0 )eika] 0
= (Ex —€)(Ex —e1) —t*[(1 = 6) + (1 + )e *“m| = g
= (B — o) (By — 1) — 12 ’(1 - 5)eik7a +(1+0d)e” (ol I,
= (Bx — ) (By — @) — 417 0082(%) + 5252n2(k )] =0 5)
Rewriting :(Ey, — e0)(Ex — €1) = (B — €m)? — Aé?

with : €, = % the mean value, and Ae = <5 the deviation from the mean value

= (Bx —em)? = A + 417 [0052(];(1) + 5232'712(];&)}

= FBf =en + \/A62 + 4¢2 (cos (k;) 625in2(?)>

8. Plot the two bands, and calculate the gap to show that it depends only on Ae and §, and that it vanishes
when Ae =§ = 0.



Solution.

t=1, eg=0.4, £1=0.5, 6§=0.3
Energy

Em +V 0e? + 46207 7

i

kx

£ — VAg? + 41257 T

Rl

The gap at the zone boundary is A = 2v/Ae2 + 4t242

1.2 Tight binding model for 1d chain : second quantization formalism.

We will see now how to write the same system using second quantization. In second quantization, we think
in term of the occupation of the sites with creation and annihilation operators that add or remove electrons
on specific site. For example, the operator clT will add an electron on the site i and cZTci counts the number of
electron on the site ¢. For our 1d chain model, we can consider two sublattices : the atoms on A (corresponding
to the 2m) and the atoms on B (corresponding to 2m + 1). The previous Hamitonian can be rewritten :

N
H = Z [eoci‘ych,m + elcTB’ch,m +t(1 - 5)CL’chym +t(1+ 5)CTB’ch7m+1 + h.c.} (6)

where the sum is made over N unit cells, the third term being the hopping parameter between atoms of the
same unit cell and the fourth term is the hopping parameter between first neighbours of different unit cells.
The h.c. stands for the hermitian conjugate of these two terms so that the total Hamiltonian si hermitian.
Here h.c. stands for ¢(1 — 5)CTB7ch7m +t(1+ 5)cg7m+1637m and means that hopping from A, m to B, m is the
same as hopping from B, ml to A, m.

9. Transform the Hamitlonian from real space to momentum space using the relations :

ik.Tm

1 o
—ik. T, T T
CAm = E € CAky, Cpm = CAk
/N - ;MM 5

1
— €
=y
k
1 —ik.7, T 1 iR T T
CB.m = Ee TTCBk, Cpom = Ee"”c
B, N - B,k B, N - B,k

and show that it can take the following form :

Ao (o) (t(l s ;01 - #(1—9) —&-6751(1 + 5)61-:%) (?,ig) “

k



Solution.
Let’s start with the first two term :

N

E EOCL mC E E eoe”’c ”"c ke_Zk‘T""cAyk = E 606]:4,kCAJC
m k

N —

E elcTB mC E E €1 e”C Tm el ke_’k'””cjgyk = E €1CT37kCB,k
m m k

For the third term we have :

N

Z (1_5)0Am =

m

N
§ t(l _ 6)eik.rm ciLke—ik.rmCB’k
kK m

N
1 I
t(l — (S)CLJCCB’]CN Z elk-7me—lk.rm
m

»M»t”ﬂ - -

t(1— 5)C:r4,kcB7k
and the hermitian conjugate :
N
Zt CB mCA m =
m

N
E :t(l _ 6)€ik.rmC}rg’kefik.rchyk
kE m

N
1 o 7
t(l _ 6)61]-3’]@CA,1€N E ezk.rmefzk.'r‘m
m

t(1— (5)01%7,66,4,;c

wM»t”ﬂ -

For the fourth term we have :

N
Z t(1+ 5)c}rgymc,4’m+1

m

t(1 + §)etFmm cgke_i]’“'”"+1 CA K

st

k

t(l 4 5 CB WCAE~— § ezk: Tm o —ik.7, Tm e —ika

t(1+ 5)0%’]6614)/@6 lka

?TM?P% ZI‘IH

and the hermitian conjugate :

N N

1 - =
g t(1+ 6)CL’m+1CB,m = N E t(1+0) lk'r’"’“ckkeﬂkmmc&k
m m

Zt(1+5)cAkchNzelkrm —zkrm zka

= Zt(l + 5)CA,]€CB7]§6 ika
k

>~

So the Hamiltonian writes :

_ T
H = E eocf4 kCAk T €1CE 1 CB K

= +t(1 — 5)cA kCBE T (1 — 5)CE7kCA,k +t(1+ 5)cg7kcA,ke_ik“ +t(1+ 5)cl,k03’kei @

So we have :

€0 t(1—=36) +t(1+8)e*\ [cr.a
H= zk: (Ck A G B) (t(l — &) +t(1+ 5)e—ika €1 kB

(10)

(11)

(12)

(15)



10. Rewrite the Hamiltonian matrix :

_ € t(1—68) + t(1+ §)etke
h= (t(l —0) + t(Ol + 0)e ke €1 )

in the Pauli matrix basis and the identity, o, = <0 1>, oy = <O _l>, o, = (1 0 ) and og =

1 0 v 0
1 0
11

Solution.
h = enoo + Aco, + (t(1 — §) +t(1 + 6)cos(ka)) o5 + (t(1 + 6)sin(ka)) oy (17)

11. Once the Hamiltonian is in the form h = Dy.G + ez, the eigenvalues are given by E,f =€, + |13k|
Calculate the eigenvalues.

Solution.

EE = eyt /A + (1 — 6) + (1 + 0)cos(ka)® + (¢(1 + 8)sin(ka))’

ka ka
=¢€n \/A62 + 4t%cos?(— 5 )+ 4t20%sin?(— 5 )

1.3 Tight binding model for 2d square lattice in second quantization

We consider now a square lattice in 2 dimension (x and y) of parameter a, with one atom per unit cell and
one orbital per atom. In second-quatization, we can write the Hamiltonian :

H= Z [GOCIn,nCm,n - tCin7nCm+17n + tcln7ncm7n+1 + h.c.] (19)

where (m,n) refers to the coordinate of the unit cell (and thus the atom) and —t (¢>0) the hopping parameter
between first neighbour atoms.

12. Transform the Hamitlonian from real space to momentum space using the relations :

Conn = \/72 72k: rmn s cin,,n \/72 zk rmn (20)




Solution.
Let’s start with the first term :

N

N N
1 2 o
E _ § E § ik oo T —ik. T, _ § : T
EOCITL,nCm,n = _7N2 €pe "’ane e = €0CLCk
k

m,n m n k

For the second term we have :

N 1 N N - -
i — kT n T =1k Frg1,n
Z _tcm,ncm-i-l,n = _N2 te e Cr
m,n m m
7,

Il
|
~
o
o=
o
e
)
o
>
8
o

3
2 [M]=
N
o
3
£
3
b
3
\
\
‘H
[V}
=[]
:[M)=
e
~
(bs
T
3
3
*
3
%)
Y,
o)
B
S,
3
)

For the third term we have :

ZN 1 3 Y& .
_tCIn ncm,’nJrl = —=3 E E telk?.’!’yn,n CLe_Zk.TNL’"+ICk
k m m
7

m,n
_ § —tc,ickelk' m,nefzk‘rm,nefzkya

and the hermitian conjugate :
al 1 N N )
Z —tCm,n«HC;(n’n = ~z E E :} :te’k'rmvnﬂcze—lk-rm,nck
m,n L m -
=3 —tcf e Tmm =R Tmn by

k
= E —tclcke’kya
k

So we have ultimately :
H = Z —2t [cos(kya) + cos(kya)) chk
k

13. Draw the Fermi surface for Ey, < 0, Er, = 0 and Ej > 0.

(23)

(24)

(25)



Solution.

n Fermi surface for Ex=-1.5t n Fermi surface for Ex=0.0t n Fermi surface for Ex=1.5t
5 5 5 / \
~ 0 ~ 0 ~ 0
n _n _n \ T
an n an n an
a 0 a “a 0 a “a 0
kx kx kx

n I
5 @




