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(p Wannier functions

Bloch states W, (r)=¢"u,(r) are defined for periodic boundary conditions
Define localized Wannier States :

dk _; dk  _ycr-,
‘(P(R)>=9SBZ£3 kR‘wk>=9SBzae k(R-r)

”k> —o—@

Vanderbilt and Soluyanov PRB (2011)
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D. Vanderbilt “Berry phases in electronic structure theory “

Definition of a Wannier function :

a 2nla .
| Wg) = —[ dke™ " | yq)
27 ),

I

i) = ) €™ T W)

R

If |y.)(x) is a smooth function of k,
then | Wi)(x) is a localized function centred near R
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Properties of a Wannier function :

1. WFs with different R are periodic images of one another
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(p Wannier functions MAX PLANCK INSTITUTE

Properties of a Wannier function :

2. WFs form an orthonormal set

<WR’ | WR) = 5RR'

3. WFs span the same subspace of the Hilbert space as is spanned by
the Bloch wave functions from which they are constructed
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Properties of a Wannier function :

——

Let it be P, the projector operator onto band »

a

P, = —J | W) Wi | = D | W) (W |
BZ

27 =

From this also follows that the total charge densityp, in a band n is

po=—e(r|B,|r) = — e—== J () P d%k = — e ) | W,e(r) |
(2r)° J g, =
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Properties of a Wannier function :

4. Matrix elements between of operators between Wannier
functions

<Wn0 | Hl WnR> — EnR

<Wn0 | l'l WnR> — AnR

Fourier transform coefficients of the Berry connection An(k)

5. The centers of Wannier are related to the Berry phase.

r= <Wn0|r| Wn0>
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Properties of a Wannier function :

% %
P =< J A (K)d’k = — J (u, |iVu,)d’k
Q) )4, Q23 )4,

In 1D

2nla
_ a : /4
X = — u.liou  Ydk =a - —

Berry phase evolving from 0 to 277, would just correspond to a
Wannier center evolving from x=0 to x=1
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Real-space unit cell Reciprocal-space unit cell
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Hybrid space
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(p Hybrid Wannier
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At each kxfind 1D WF along y, and their centers

y(kx) — <Wnkx|y | Wnkx>dk

0000000
0000000 27/b
Ky o o000 00 y (k)™ =J i<u|akyu>dkyy
0000000 0
XXXXXX. |
Ky _ (k)
y(k) = b2

27



(p Hybrid Wannier
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At each kxfind 1D WF along y, and their centers

Tk = (Wi |3 Wy )k
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(p Hybrid Wannier
; functions FOR CHEMIGAL PHYSICS OF SOLIDS

At each kxfind 1D WF along y, and their centers

y(kx) — <Wnkx|y | Wnkx>dk

(b)




(f\ Hybrid Wannier
I functions FOR GHEMIGAL PAYSICS OF S0LIDS

HWE | Ay (R)))
|k, ky)) | W(R, R)))
0|0/0/0/0/0(0
o(0(0/0|/0|0|O
o(0(0/0/0 0|0
o(0(0/0/0|0|O o
0|0/0|0|0 0|0 hkv(Rx)>
o(0(0/0|O0|O0|O o

Wannier function
(Localized in x and y)

Bloch wavefunction

HWF




(p Topological
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@ , (b)

9000000 /

9000000 ve >
ky |[ooo0000 . /,

9000000 ’ K

?90%%¢¢0°¢

Kx B = (I Oy [y (0)) = Y e®Re(w(0,0) |y | w(R,.0))
Rx



(p Topological
obstruction FOR CHEMIGAL PHYSICS OF SOLIDS

(a) (b)

XXX ye D

9000 K,

Kx B = (I Oy [y (0)) = Y e®Re(w(0,0) |y | w(R,.0))
Rx



OO Atomic Limit

Bloch states W, (r)=¢"u,(r) are defined for periodic boundary conditions
Define localized Wannier States :

dk _; dk  _ycr-,
‘CP(R»:gSBZEe kR‘wk>=9SBzge k(R-1)

”k> —o—@

Vanderbilt and Soluyanov PRB (2011)



w Elementary Band Representations (EBRSs)

orbital + atomic site + lattice
(irrep + wyckoff position + space group)

s (or pz) orbitals

>

r K M

atomic limit = EBR

An EBR describes a set of Wannierizable bands

J. Zak PRL (1980), Michel and Zak PRB (1999), Michel and Zak Phys. Rep. (2001)



w Elementary Band Representations (EBRSs)

orbital + atomic site + lattice
(irrep + wyckoff position + space group)

s (or pz) orbitals

>

atomic limit = EBR

Symmetry, invariants, topology. VI - . .
Elementary energy bands in crystals are connected An EBR describes a set of Wannierizable bands

L. Michel*, J. Zak"*

J. Zak PRL (1980), Michel and Zak PRB (1999), Michel and Zak Phys. Rep. (2001)



w Elementary Band Representations (EBRSs)

orbital + atomic site + lattice
(irrep + wyckoff position + space group)

s (or pz) orbitals

' ......... TOPOLOGICAL -

atomic limit = EBR

Symmetry, invariants, topology. VI - . .
Elementary energy bands in crystals are connected An EBR describes a set of Wannierizable bands

L. Michel*, J. Zak"*

J. Zak PRL (1980), Michel and Zak PRB (1999), Michel and Zak Phys. Rep. (2001)
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Image: 1605.06824 Ma et al

Ingredients:

unit lattice translations (Z3)

point group operations (rotations, reflections)
non-symmorphic (screw, glide)

orbitals

atoms in some lattice positions



O | Flementaryband - waeumocmsniure
representations (EBRSs)

Consider one lattice site:

'Y G =U(g.) (GaxZ3) n

2) (1) ‘é

) Site-symmetry group, Ggq, leaves g invariant {Csl01}, {m17100} = Cay
— Orbitals at q transform under a rep, p, of Gq

) - o

{Csl01} {m7100} - {Cal?}




O | Flementaryband - waeumocmsniure
representations (EBRSs)

Consider one lattice site:

'Y G =U(g,) (GgxZ?3)
g S (9(2) ) CI[X CQQ
)

) Site-symmetry group, Ggq, leaves g invariant {Csl01}, {m17100} = Cay
— Orbitals at q transform under a rep, p, of Gq

—) ©

{Csl01} {m7100} - {Cal?}
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O | Flementaryband - waeumocmsniure
representations (EBRSs)

Consider one lattice site:

) Site-symmetry group, Ggq, leaves g invariant {Csl01}, {m17100} = Cay
— Orbitals at q transform under a rep, p, of Gq

Rep‘ECsME
21 0-2

Character table for the double-valued representation of Csy

— 6




O | Flementaryband = waxeanckmstinu
representations (EBRSs)

Consider one lattice site:

) Site-symmetry group, Gq, leaves ¢ invariant {Czl01}, {m+7100} = Cay
— Orbitals at q transform under a rep, p, of Gq

2  Elements of space group g ¢ Ggq (cosset representatives) move sites
in an orbit “Wyckoff position” {C.l00},{EI00}

H
Wyckoff multiplicity: 2
orbit of q



O | Flementaryband = waxeanckmstinu
representations (EBRSs)

s induced in Cey

electron bands sitting at pz orbitals in
Wyckoff 2b in Wall paper group 17

pa=p1G

/ \ h € G, generators of

Cosset representative g:  {C2l00},{EI00} l honeycomb lattice: C2,Cs,0

(o1 G)| Gk
Pizis(N)=0i(Jecp)

Jas = Go{ Eltag}hgs ™ >< —
| P

k T N

pa(h)=e-k-t8)0(Qup) - ” M

dimension of this band representations = connectivity in the Brillouin zone




Elementary band —  yax pianck mstimure
representations (EBRSs)

e 1G)I Gk

r_ -
>‘< pg =17 I3
M \
r K M
Table 1.5 Table of characters of the group Ce,
Cey E C3i Cy, éz Cg: mii mi E (_j;c (_jg:
o& 4 2 0 0 0 0 —4 -2 0
Iy 2 1 0 —/3 |0 0 -2 ~1 N&]
Iy 2 1 0 V3 0 0 -2 —1 —/3
Iy 2 -2 0 0 0 0 -2 2 0
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All possible connection between maximal and non-maximal k-
vectors

ki (u1)=Kki
ki (u2)=ko

for each max. k in *k and ki non-maximal

Er

Metal Er Insulator

B. Bradlyn et al. Nature 547 (2017), M.G. Vergniory et al. Nature 566 (2019), M. G. Vergniory Science (2022
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Connected EBR

(O )
Now

S~ ~__ S

Maximal symmetry Wannier functions at
Wyckoff positions some Wyckoff pos.

TOPOLOGY

Nature (2017)
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(O )
Now

Disconnected EBR

—

Topological insulator

Maximal symmetry Wannier functions at
Wyckoff positions some Wyckoff pos.

FRESH TWIST ON

TOPOLOGY

Nature (2017)
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< Back to Search Results

¢, Topological Materials — Compound:
*%° Database - )
Bi1 Tel
Materials Data
oN Crystallographic data
S Cell Length A 442202)
Predict
Cell Length B 4.422(2)
About
- Cell Length C 24.050(20)
Wiki
Cell Angle a 90.
SETTINGS
Ul Mode Cell Angle B 90.
Cell Angle y 120.
Cell Volume 407.27

For more information we refer to Materials
Project.

Band Structure

5

44

Symmetry Group:
164 (P-3m1)

TI (SEBR)

Lattice Structure

Topological Status (Type):

with S0C: Yes @D No
Topological indices:

Zow1=0,Zow2 =0, w3 = 1,24 = 2

ICSD: 100654

Brillouin Zone

Density of States

54
 Dashed bands denote fragile
bands

4.
3
24
1]
04~

334 6 8101214

Topological Materials
Database

Total Materials
Topological Insulators

Semi-Metals

NAVIGATION
Search
Predict
About
Wiki

SETTIN

Ul Mode

Compound:

Bi1 Te1

Symmetry Group:

164 (P-3m1)
Gaps at high-symmetry points by (eV):

r H
occupation 0.491 1.093
band index 0.491 1.093

Topological Data

Band representations and their degeneracies

Fragile bands:

Lowest band Nr Band Distance to Direct Gap
index indices Fermi Above

24 2 40 0.0144
106 4 40 0.0134

upon symmetry lowering

Topological Status (Type):
TI (SEBR)

546 (2)
3+4(2)
546 (2)
546 (2)
3+4(2)

Direct Gap

Below
4.0544
0.0118

Indirect Gap
Above Below

With SOC: Yes
Topological indices:

Zow1 =0, Zow2 = 0, Zow3 = 1,24 =2

Smallest Computed Gap
0.1363
0.1363

By Level

Nr Fragile Bands
546 (2) 8(2) 2
3+4(2) 8(2)
5+6 (2) 9(2
3+4(2) 445 (2)
546 (2) 8(2)

o For representation
definitions, click the high-
symmetry point names
Representations ordered by
energy with those closest to
Fermi level at the top
‘N (m)' at high-symmetry
point X denotes the
m-dimensional
representation XN of the
little group

Indirect Gap

2.3135
0
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hilbao crystallographic server ot

FCT/ZTF
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Contact us About us Publications How to cite the server Quick access to

H some tables
: bm. Space-group symmetry
A A\

Space Groups

Magnetic Symmetry and Applications
Plane Groups

Group-Subgroup Relations of Space Groups Layer Groups

=

I
S|

L

Crystallography Online: Workshop
on the use of the structural and

magnetic tools of the Bilbao . o Rod Groups
Crystallographic Server Representations and Applications
September 2021, Leioa (Spain)

Frieze Groups
Forthcoming schools and Solid State Theory Applications
workshops 2D Point Groups

News: Point Groups
¢ New Article in Nature

10/2020: Xu et al. "High-throughput
calculations of magnetic topological
materials" Nature (2020) 586, 702-707.
New programs: MBANDREP,
COREPRESENTATIONS,
COREPRESENTATIONS PG,
MCOMPREL, MSITESYM,
MKVEC, Check Topological
Magnetic Mat

10/2020: new tools in the sections
"Magnetic Symmetry and Applications"

gnetic Space
Groups

Structure Database: |[[2 R[]’ # »lrkep

and "Representations and Applications". -
More info Raman and Hyper-Raman s
Installation
 New section: TOPOLOGICAL S \
External software used

QUANTUM CHEMISTRY

10/2020: tools for the identification of the Point-group symmeti

People

Index

is a code to calculate symmetry eigenvalues of electronicBloch states in crystalline solids and the irreducible representations
under which they transform. It can receive as input bandstructures computed with VASP™, Abinit"”, Quantum Espresso"” or any

code with an interface to Wannier90™.

Characteristics

« Any space group - It can be applied to bandstructures of crystals in any of the 230 space groups preserving time-reversal
symmetry.

« spinful or spinless - It includes both, single (spinless) and double-valued (spinful) groups. Also, it accepts calculations with
spin-orbit coupling corrections.

« Any unit cell - Bandstructures calculated with any choice of the unit cell are welcome: primitive, convenctional,...

https://irrep.dipc.org

o A trace.txt file that can be passed directly to CheckTopologicalMat™ is generated.
« Adding interfaces to other DFT codes is easy. You are welcome!
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